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Statistics refresher and the toolkit — one taught session
Introduction

Statistical learning— accuracy, bias—variance

Linear regression — estimation, inference, diagnostics
Classification — logistic regression, confusion matrix, ROC
Resampling — validation, CV, bootstrap

Model selection and regularisation — ridge, lasso

Moving beyond linearity — splines, GAMs

Tree-based methods— trees, forests, boosting
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Contents

0 Reading mathematical notation e The Python you will actually write
e Logs, exponentials and growth @ Summary
e Probability, odds and the logit

e Likelihood and maximum likelihood

Optional and advanced material is collected in the appendix at the end of the deck.
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Why this second session exists

These five topics were counted across the eight chapter decks and the deep-learning module (A9, ISLP Ch. 10),
which was a taught chapter when the tally was made. Each is used heavily and explained nowhere — the
chapters assume you already read them fluently.

Topic Where it bites Uses
log and exp Ch. 4 (113), Ch. 10 (31), Ch. 6 (16) 176
odds and the logit Ch. 4 (92), Ch. 10 (12) 108
likelihood and [] Ch. 4 (35), Ch. 2-3 37
>, arg max, indicator, set notation  every chapter from Ch. 2 180
counting and 2” cost Ch. 6 (subset selection) 13

None of this is hard. All of it is unfamiliar notation for familiar ideas — and unfamiliar notation is what
makes a lecture feel impossible to follow.
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Notation introduced in this session

Symbol Meaning
S ai add up a1,...,an
I, ai multiply a1,..., an

arg ming f(0)
I(condition)

x €S, |S|

log, exp

odds = &5
logit(p) = log 12,

o(2) = i
L(6). €(9)
éMLE

()

2P

the value of 6 that makes f smallest

1 if the condition holds, 0 otherwise

X is in the set S; the size of S

natural logarithm (base €) and its inverse e*

how much more likely than not

log-odds: a probability on an unbounded scale

the logistic (sigmoid) function; the inverse of the logit
likelihood and log-likelihood of the parameter 6

the value of 6 that maximises the likelihood

the number of ways of choosing k items from p

the number of subsets of p predictors: how the cost grows
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Learning objectives for this session

By the end you will be able to:
@ Read aloud any formula in the course: sums, products, arg max, indicators, subscripts and set notation.
@ Manipulate logs and exponentials, and explain what a coefficient means when the response is logged.

@ Convert freely between probability, odds and log-odds, and explain why classification models work on the
logit scale.

@ Write down a likelihood, take its log, and explain what maximum likelihood chooses — and why it
coincides with least squares under normal errors.

@ Count models and explain why 2P makes exhaustive search hopeless.

@ Wirite the Python the labs actually use: functions, loops, comprehensions, seeds, and the fit/predict
pattern.

How to use this deck — self-study and revision

Attempt each exercise before its solution; run chapter_00b_lab.ipynb alongside the lab section. Revise
from the back — key formulas, vocabulary, self-check (each question names its page) — then redo the
exercises; the appendix is fully solved.
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Mathematical notation

Outline

o Reading mathematical notation
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Mathematical notation

The anatomy of a formula

..and stop at i do this to every observation

I
S|

startat i =1 square it, so sign
does not matter

How to read any formula

Read it as an instruction, left to right: “for each observation, take the gap between what
happened and what we predicted, square it, and add those up”. A formula is a recipe, not a
hieroglyph.
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Mathematical notation

Sums and products

The two operators that appear everywhere

n n
E ai=ai+ax+---+ an, Ha,':31><32><"'><3n.
i=1 i=1

For a=(2,5,3): > ;a =10 and [[; ai = 30. In Python: a.sum() and a.prod().

Rules worth knowing

Z(ai+bi)zza;+2bi, an;:cZa;, Zc:nc.

i=1

The one that is not a rule

2o aibi # (Z: a,-) (Z: b,-), and Y7, af # (Z: a")z'
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Mathematical notation

arg min, arg max and the indicator

min versus arg min

ming £(0) is the smallest value of f; arg ming f(0) is the 0 that achieves it.

fO)=(0—-30°+5 — meinf:5, argmginf:?;.

Estimation is always an arg min (of a loss) or an arg max (of a likelihood): we want the parameter, not the value
of the criterion.

The indicator function

I(condition) = {1 if the condition is true,

0 otherwise.

It turns counting into arithmetic. The classification error rate is

1 n
= E I(yi # 9i1) — ‘“the fraction of observations we got wrong".
n

i=1
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Mathematical notation

Sets, subscripts and the notation of a data set

Sets

x € S means "x belongs to S”; |S| is the number of elements in S. In Chapter 8, R; is the set of observations
falling in region j of a tree, and \lel Z,.eRj yi is just “the mean response of the points in that box".

Subscripts and superscripts

Xij observation /7, variable j (row first, then column)
Xi the whole i-th row (a vector of p numbers)
Bi the coefficient belonging to variable j
}“/,(7") prediction for i from a model fitted without i
*b

the estimate from bootstrap sample b (a label, not a power)

Read the superscript before you square it

In Chapter 5, &*® is “the estimate from resample b". A superscript is often an index, not an exponent —
context decides.
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Mathematical notation

Exercise O0b.1 — Translating notation [Math]

Exercise (=5 min) — try it before the solution
Let y =(3,1,4) and § = (2,2,4), so n = 3.
@ Write Z?zl(y; — $)? in words, then compute it.
@ Compute 23" I(yi # $i) and say what it measures.
© For g(0) = (0 — 4)*> + 7, give ming g and arg ming g.
©Q Let S={i:y; > 2} ListS, give |S|, and compute ﬁ Dies Vi

Q Is > ,(vi — $i)? the same as (3, (yi — }7,-))2? Check with these numbers.

Live demo — §1 of the notebook

After solving by hand, run chapter_00b_lab.ipynb §1: its notation cells compute this exact data — RSS
2.0, error rate 0.667, |S| = 2 with mean 3.5 — each in one line of numpy.
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Mathematical notation

Solution — Exercise 0b.1 (1/2)

(1) “For each of the three observations, subtract the prediction from the observation, square
the result, and add the three numbers.” Differences: 1, —1,0; squares 1,1, 0; total 2.

(2) The indicator is 1 for observations 1 and 2 (where y; # §;) and 0 for the third, so the
average is 2/3 ~ 0.67: the fraction of predictions that are wrong — the misclassification
rate of Chapters 2 and 4.
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Mathematical notation

Solution — Exercise 0b.1 (2/2)

(3) A square is never negative, so g is smallest when (§ — 4)2 = 0. Hence argming g = 4
and ming g = 7. Note the two answers are different objects: one is a parameter, the other
a loss value.

(4) S = {1,3} (observations with y; > 2), so |S| = 2 and the mean over the set is
(3+4)/2 =3.5. This is exactly the calculation a regression tree does inside one leaf.

(5) No. Here 3", (yi— 9i)? = 2 but (3 (yi —)?;))2 = (1—1+0)? = 0. Squaring first keeps
the errors from cancelling — which is the whole reason least squares squares.

Common mistake

Writing min when arg min is meant. Every estimator ahead is an argmin: f is the coefficient value that
minimises RSS, never the RSS value itself.
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Logs and exponentials

Outline

e Logs, exponentials and growth
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Logs and exponentials

The two functions Chapter 4 is written in

e*: always positive, and it explodes logu: turns x into +
20.0 7
— X
17.5 1 3
15.0 2 -
{log8 =log2 +log4
12.5 14 H
10.0 A
e’=1 0
7.5 A
5.0 17
2.5 4 -2 logl=0
— logu
0.0 4 _3
T T T T T T T T T T T T T T
-2 -1 0 1 2 3 0.0 25 5.0 75 10.0 125 15.0 175 20.0

The rules, all of them

log(ab) = loga+ log b, log(a/b) = loga — logb, log(a*) = kloga,

| b b
logl =0, loge=1, €%?=a, log(e)=x, 7" =e¢%"

“log” in this course always means the natural logarithm, base e ~ 2.718 — what np.log computes.
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Logs and exponentials

Why logs are everywhere in statistics

Three jobs a log does

@ Turns multiplying into adding. A likelihood is a product over n observations; its log is a sum, which
we can differentiate. (Next section.)

@ Turns unbounded ratios into a symmetric scale. Odds run from 0 to oo; log-odds run from —co to
co. (Section after that.)

© Tames skew and turns effects into percentages. A right tail is compressed, and a coefficient on log y
reads as a relative change — in a log—log demand model the slope is the price elasticity.

Numerical underflow — the practical reason

A likelihood multiplies n probabilities. With n = 1000 and each around 0.5, the product is =~ 1073%, close
to the smallest number a computer can store; at n = 2000 it underflows to zero and every model looks
equally good. lts log ~ —693 is perfectly ordinary.
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Logs and exponentials

A log scale can straighten a relationship

medv vs. Istat (r= —0.74) log(medv) vs. Istat (r= —0.81)

medv
log(medv)

0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
Istat (% lower-status population) Istat (% lower-status population)

Boston: median house value against the share of lower-status population. On the raw scale the cloud curves
and r = —0.74; after logging the response it is close to straight, and r = —0.81.

How to read a logged coefficient

In log y = Bo+ B1x, a one-unit rise in x multiplies y by €. For small 81, that is roughly a 10031% change:
B1 = —0.05 means “about 5% lower".
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Logs and exponentials

Exercise 0b.2 — Logs in practice [Math]

Exercise (=5 min) — try it before the solution

@ Simplify log(x®y) — log(y) and Iog(ezx).
@ Solve %4t =5 for t.

© A model gives log(wage) = 2.1 + 0.08 educ. By what factor does an extra year of education multiply
the wage? Express it as a percentage.

@ Prices rise 3% a year. Write the price after t years, take logs, and say why the log of the price is a
straight line in t.

@ Why can you not take the log of a variable that contains zeros, and what do people do instead?

Live demo — §2 of the notebook

Run chapter_00b_lab.ipynb §2 alongside: it checks part (2) numerically (t = log5/0.4 = 4.024) and
shows logging Boston's medv move r from —0.74 to —0.81.
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Logs and exponentials

Solution — Exercise 0b.2 (1/2)

(1) log(x3y) — logy = logx3 + logy — logy = 3log x. And log(e®*) = 2x, since log and
exp undo each other.

(2) Take logs of both sides: 0.4t = log5 = 1.609, so t = 1.609/0.4 = 4.02.

(3) An extra year adds 0.08 to log(wage), so it multiplies the wage by €®% = 1.083:
about +8.3%. Note the shortcut “0.08 — 8%" is an approximation that is good for small
coefficients and poor for large ones (e°® = 1.65, not 1.5).
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Logs and exponentials

Solution — Exercise 0b.2 (2/2)

(4) P: = Py(1.03)%, so log P; = log Py + tlog(1.03) = log Py + 0.0296 t. Constant growth
rates are straight lines on a log scale — which is why growth data are always plotted that
way.

(5) log0 = —oo (and logs of negatives are undefined), so a single zero destroys the column.
Common fixes: model log(y + 1); use a square root instead; or — best — use a model built
for the data type, such as the Poisson regression of Chapter 4 for counts.

Common mistake

Inventing a rule for sums. log(a+ b) simplifies to nothing — the log rules turn products into sums; there is
no rule for the log of a sum.
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Odds and the logit

Outline

e Probability, odds and the logit
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Odds and the logit

Three ways to say the same thing

P . 1

odds = %, logit(p) = log 15

probability odds log-odds said aloud

0.10 0.11 —2.20 "1 to 9 against”
0.25 0.33 —1.10 “1 to 3 against”
0.50 1.00 0.00 ‘“evens”

0.75 3.00 +1.10 “3to1lon”
0.90 9.00 +220 "“9to1lon”

Why the log-odds scale

Probabilities are squeezed against 0 and 1; log-odds run from —oo to +00, symmetrically about zero. Models

work on the log-odds scale because it has room: whatever number a linear predictor produces is a legal log-
odds.
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Odds and the logit

Why Chapter 4 cannot just fit a straight line

Default: a probability must stay in [0, 1] — a line does not

10 = |ogistic fit
. == straight line (OLS)
0.8
206
£
7]
S04
=
0.2
0.0 +— e S S

0 500 1000 1500 2000 2500
credit-card balance ($)

Default (n = 10000, 3.3% default). The dashed line is ordinary least squares on a 0/1 response: it predicts
negative probabilities for small balances and would exceed 1 eventually. The logistic curve cannot.

The one-line summary of logistic regression

Model the log-odds as linear: log lf(:()x) = Bo + B1x, then convert back with o. That is the whole idea;
Chapter 4 fills in the details.
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Odds and the logit

The odds ratio — and why a coefficient is one

Comparing two groups

oddsi1 _ p1/(1—p1)
OR = =] 5
oddso  po/(L — po)

log OR = logit(p1) — logit(po).

Differences on the log-odds scale are ratios on the odds scale

Put a 0/1 dummy x into log lf(px()x) = fo + Pix: group 0 has log-odds 3o, group 1 has 8o + 31. Their
difference is (31, so

B1 = log OR and e’ = OR.

That is how every logistic coefficient in Chapter 4 is read: exponentiate it and report “the odds multiply by
e?". For a continuous predictor the same holds per one-unit increase.

An odds ratio is not a risk ratio

p from 0.25 to 0.45 is 1.8x the probability but 2.45x the odds. The two agree only for rare events; quoting an
OR as “times as likely" overstates the effect.
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Odds and the logit

Exercise 0b.3 — Odds and odds ratios [Math]

Exercise (=5 min) — try it before the solution

In a promotion study, 45% of customers who received a voucher bought something, against 25% of those
who did not.

@ Compute the odds of buying in each group.

@ Compute the odds ratio (voucher vs. no voucher) and state in words what it says.

© Compute the log-odds in each group, and check that their difference equals the log of the odds ratio.
@ A logistic model reports a coefficient of 0.90 for the voucher dummy. Convert it to an odds ratio.

@ If the log-odds of an outcome are —1.4, what is the probability?

Live demo — §3 of the notebook

Run chapter_00b_lab.ipynb §3: odds(), logit() and sigmoid() rebuild the conversion table, and the
worked cell under Lecture exercises verifies every part of this exercise.
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Odds and the logit

Solution — Exercise 0b.3 (1/2)

(1) Voucher: 0.45/0.55 = 0.818. No voucher: 0.25/0.75 = 0.333.

(2) Odds ratio = 0.818/0.333 = 2.45: the odds of buying are about two and a half times
higher with a voucher. Note this is not “2.45 times as likely” — the ratio of probabilities is
only 0.45/0.25 = 1.8. Odds ratios and risk ratios are different numbers, and confusing them
overstates effects.
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Odds and the logit

Solution — Exercise 0b.3 (2/2)

(3) log0.818 = —0.201 and log0.333 = —1.099; the difference is 0.898 = log(2.45) v'.
Differences on the log-odds scale are ratios on the odds scale — which is exactly what a
logistic coefficient is.

(4) €% = 2.46 — the same odds ratio, as it must be: the coefficient of a dummy is the
log odds ratio.

(5) p=o0(—1.4) =1/(1 + e'*) = 1/(1 + 4.055) = 0.198, about 20%.

Common mistake

Reading odds as probabilities. Odds of 0.818 do not mean “82%" — convert back with p = odds/(1 +
odds) = 0.45.
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Maximum likelihood

Outline

e Likelihood and maximum likelihood
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Maximum likelihood

The idea in one sentence

Maximum likelihood

Among all parameter values, choose the one that makes the data you actually observed most
probable.

The likelihood function

For independent observations y1, ..., y, with parameter 6,

LO) =]TPLi10),  0)=logL(6) = _logP(y | 0).

i=1

Read the direction of the conditioning

P(yi | 6) is a probability of the data given a parameter. As a function of 0 with the data fixed, we call it a
likelihood — and it is not a probability distribution over 6. That is the commonest misunderstanding here.
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Maximum likelihood

A coin, worked end to end

7 heads in 10 Eosses the log has its maximum in the
maximised at 7=0.7 same place — and adds instead of multiplies
0
0.25 H
1 -2
= 020 ! E
3 1 3 -4
g 015 ! 8
S 1 £ -6
< 1 Cl
< 0.10 | =
= 1 & 8
= H E
0.05 1
H -10
1
0001 ; T T — T —12 4= T T T T g
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
candidate value of candidate value of

10

Seven heads in ten tosses. The likelihood L(m) = (5

the same place, because log is increasing.

)77 (1 — 7)® peaks at # = 0.7; the log-likelihood peaks in

Why we always maximise the log

Same answer, easier algebra (sums, not products), and no numerical underflow. Every “log-likelihood" in
Chapters 4, 6 and 10 is this.
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Maximum likelihood

Maximum likelihood outside the classroom

Least squares is the special case, not the rule. Claim frequency and severity models, probability-of-default
models and demand models are nearly all fitted by maximum likelihood instead — because the response is a
count, a 0/1 event, or a skewed positive amount, and none of those has normal errors. Durations behave the
same way: a retention curve falls away roughly exponentially, so the log of the share still active is close to linear
in time, and fitting on that scale returns the expected customer lifetime.

What one principle buys
The same estimation idea covers continuous responses, classes, counts and durations — which is why
Chapters 4, 6 and 10 all report a log-likelihood instead of an R?.

32/67



Maximum likelihood

The price of a probability: — log p

5

4 confident and wrong:
_ ~10g0.05=3.0
@
23 -/ —logp
F=l
e
22

hedging: —log0.5 = 0.69
1 / confident and right:
o almost free
[ T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

P assigned to the outcome that actually happened

LELGENEY

Maximising the log-likelihood means paying — log p for the probability you gave what actually
happened: hedging at 0.5 costs 0.69, confident-and-wrong costs without bound. This curve
is the loss of logistic regression (Ch. 4) and of cross-entropy (module A9).
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Maximum likelihood

Exercise 0b.4 — What a likelihood is and is not [Concept]

Exercise (=5 min) — try it before the solution

Decide whether each statement is correct, and correct the ones that are not.
@ 'The likelihood that m = 0.7 is 0.27, so there is a 27% chance the true value is 0.7."”

@ 'The maximum-likelihood estimate is the most probable value of the parameter.”

© "Adding an observation always lowers the likelihood.”
@ “Maximising the likelihood and maximising the log-likelihood can give different answers.”

@ A model with a higher log-likelihood always predicts new data better.”

Live demo — §4 of the notebook

Run chapter_00b_lab.ipynb §4 alongside: the coin cells show L and ¢ peaking at the same # = 0.699
(statement 4 settled by machine), and scipy recovers # = 0.0333 on Default.
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Maximum likelihood

Solution — Exercise 0b.4

(1) Wrong. A likelihood is a probability of the data, computed given a parameter value — not a probability of the
parameter. Likelihoods need not sum or integrate to 1 over m, so “27% chance” is meaningless here. (Turning it into
a statement about 7 requires a prior and Bayes' theorem.)

(2) Wrong, in the same way. It is the value under which the observed data are most probable. The distinction
matters exactly when someone asks “how sure are you?’ — that question is answered by a standard error or an
interval, not by the likelihood's height.

(3) Correct for discrete data. Each extra observation multiplies in another probability < 1, so L shrinks; for a
continuous response the factors are densities and can exceed 1. Only comparisons at the same data set are meaningful
— which is why you can never compare log-likelihoods across samples of different size.

(4) Wrong. log is strictly increasing, so it preserves the location of the maximum. The maximiser is identical; only
the value differs.

(5) Wrong. Likelihood is measured on the training data, and a more flexible model can always be made to fit it
better — overfitting. That is precisely why Chapter 6 penalises the log-likelihood (AIC, BIC) and Chapter 5 measures
performance on held-out data instead.

Common mistake: the root of (1), (2) and (4) is one flipped conditioning: L is the probability of this data given m,
never of 7 given the data. Keep that direction straight and the statements sort themselves.
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Python in practice

Outline

e The Python you will actually write
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Python in practice

Functions and loops — used in every lab

def rmse(y, y_hat): # define once, reuse everywhere
"""Root mean squared error.""" # what help(rmse) shows
return np.sqrt(np.mean((y - y_hat) ** 2)) # the wvalue handed back

scores = [] # accumulate results in a list

for degree in range(l, 6): # range(1, 6) -> 1, 2, 3, 4, 5
fit = np.polyfit(x_train, y_train, degree) # fit on train data only
scores.append (rmse(y_test, np.polyval(fit, x_test))) # test error

best = int(np.argmin(scores)) + 1 # argmin: position 0 -> degree 1
print(f"best degree: {best} (RMSE {min(scores):.3f})") # {} filled in

The pattern behind every tuning experiment

Define a scoring function; loop over candidate settings; store each score; take the argmin.
Chapters 5-8 change what happens inside the loop, never the shape of it.
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Python in practice

Four idioms worth ten minutes each

squares = [d ** 2 for d in range(5)] # o loop that fills a list
mask = df ["balance"] > 1000 # True/False for each row
df .loc[mask, "income"].mean() # mean income where True

for name, group in df.groupby("education"): # one loop pass per level
print(name, group["wage"].median()) # median wage per group

for ax, col in zip(axes.ravel(), columns): # pairs panel with column
ax.hist(df [col]l) # one histogram per panel

Two things that will bite you

© Indexing starts at 0, and range(1, 6) excludes 6. Off-by-one errors are the most
common lab bug.

@ Chained assignment: df [df.x > 1] ["y"] = O silently does nothing. Use
df .loc[df.x > 1, "y"] = 0 — the .1loc above: rows and column in one bracket.
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Python in practice

Randomness, seeds and reproducibility

rng = np.random.default_rng(2024) # ONE generator, seeded once
sample = rng.choice(data, size=100) # same 100 draws on every run

from sklearn.model_selection import train_test_split # the split helper
X_tr, X_te, y_tr, y_te = train_test_split(X, y, test_size=0.3,

random_state=42) # same split

Every model in this course is scored on data it has never seen

the data all n observations

¥ with a fixed seed, so it is reproducible
split once, o .
at random training set — fit here

A “random’ generator is a deterministic recipe and the seed is where it starts, so the same seed replays the same draws —
which is why your numbers match the slides. Change the seed and the third decimal moves: not a bug, but sampling

variability, which Chapter 5 is about measuring. test_size=0.3 sets aside 30% of the rows as the test set.
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Python in practice

The scikit-learn contract: fit, predict, score

from sklearn.linear_model import LinearRegression # the model class
from sklearn.metrics import mean_squared_error # a scoring rule

model = LinearRegression() # 1. choose a model (empty)
model.fit(X_train, y_train) # 2. learn from TRAINING data only
pred = model.predict(X_test) # 3. predict on unseen data
mean_squared_error(y_test, pred) # /. score honestly
model.coef_, model.intercept_ # what fit() stored; note the _

Learn it once and you know every model in the course

Trees, forests, boosting, SVMs and neural nets use the same three methods: swapping
LinearRegression() for RandomForestRegressor () changes one line.

The cardinal sin

Never call £it on the test set — not for the model, and not for a scaler either (Chapter 5).
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Python in practice

Exercise 0b.6 — Reading and fixing code [Python]

Exercise — a student writes this to compare polynomial degrees

scores = []
for degree in range(1, 5):
fit = np.polyfit(x, y, degree) # (a)
scores.append(rmse(y, np.polyval(fit, x))) # (b)
best = np.argmin(scores) # (c)
print("best degree:", best)
@ Which degrees are actually tried?
@ Line (c) prints 3. Why is that answer wrong, and what is the correct degree?
© Lines (a) and (b) use the same data. How will scores behave as the degree rises, and why is the comparison
meaningless?
@ Rewrite the loop so the comparison is honest. Name the one function you need.
@ Why should the code set a seed?

Run this live

Worked solution: chapter_00b_lab.ipynb, Lecture exercises — worked Python solutions, cell Exercise 0b.6
— Reading and fixing code [Python].
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Python in practice

Solution — Exercise 0b.6

(1) range(1, 5) yields 1,2,3,4 — the upper limit is excluded. Degree 5 is never tried.

(2) np.argmin returns a position, and positions start at 0. Position 3 is the fourth entry, i.e. degree 4. The fix is
best = np.argmin(scores) + 1, or better, store the degrees alongside the scores.

(3) The model is scored on the same data it was fitted to, so the RMSE can only fall as the degree rises — a high
enough polynomial passes through every point and scores 0. The loop therefore always “discovers” the most complex
model. This is overfitting, the central problem of Chapter 2.

(4) Split first, fit on training data, score on test data:

X_tr, X_te, y_tr, y_te = train_test_split(x, y, test_size=.3, random_state=42)
for degree in range(1l, 6): # now all five degrees
fit = np.polyfit(X_tr, y_tr, degree) # learn on the training half
scores.append(rmse(y_te, np.polyval(fit, X_te))) # score on test

The function is sklearn.model_selection.train_test_split (Chapter 5 replaces it with cross-validation).
(5) Without a seed the split differs on every run, so the “best” degree changes between runs and neither you nor a
reader can reproduce the number. A seed makes the result checkable — it does not make it correct.

Common mistake: the thread through all five bugs — trusting a printed number without asking what was computed.
Off-by-one and leakage errors run silently; print intermediate objects and check them.
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Python in practice

Extended Exercise 0b.2 — A complete small experiment [Python]

Extended exercise (=15 min) — try it before the solution

You are given Auto and want to know how well horsepower predicts mpg, and whether a curve beats a line.

@ Write, in words or code, the six steps of the experiment from loading the data to reporting a number.
@ Which step must come before any model is fitted, and why?

© On one 70/30 split you get test RMSEs 4.96, 4.52, 4.54, 4.55, 4.44 for degrees 1 to 5. Which
degree do you choose, and which part of that sequence is real?

@ Rerunning with 30 different seeds, degree 5 wins 21 times, degree 2 six times and degree 3 three
times. What does that tell you about your answer to (3), and what would you do about it?

@ Your colleague standardised horsepower using the mean and SD of the whole data set before
splitting. Explain the problem in one sentence.

Run this live

Worked solution: chapter_00b_lab.ipynb, Lecture exercises — worked Python solutions, cell Extended
Exercise 0b.2 — A complete small experiment [Python].
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Python in practice

Solution — Extended Exercise 0b.2

(1) The six steps. Load; look (scatter, and check for missing values — Auto stores them as ???); split with a seed;
fit each candidate on train; score each on test; report the chosen model with its test error.

(2) Looking, and splitting. Plot before modelling — the curvature is obvious and says a polynomial is worth trying.
The split must precede every fitting decision, so nothing learned from the test set can influence the model.

(3) Only the first step is real. The drop from 4.96 to 4.52 is large and reflects genuine curvature: a line is the wrong
shape. Beyond that the numbers differ by less than 0.12 — ordinary split-to-split noise. Degree 5 is nominally lowest,
but nothing meaningful separates it from degree 2 — so choose degree 2, the simplest model that is not beaten.
(4) The winner is unstable, so do not trust it. A single split is a high-variance estimate, and the seed sweep proves
it: three different “best” degrees appear. The fix is k-fold cross-validation (Chapter 5): here (5-fold, repeated 10x) it
gives RMSEs of 4.91, 4.36, 4.37, 4.38, 4.34 with a repeat-to-repeat spread of about +0.04: degree 1 is clearly worse,
and degrees 2 to 5 are statistically indistinguishable. The defensible sentence is ““a quadratic is a real improvement on
a line; beyond that this data set cannot tell”.

(5) Leakage. The scaler learned its mean and SD from data that includes the test set, so the test error is no longer
an honest estimate of performance on new data. Fit the scaler on the training set alone.

Common mistake: rerunning with new seeds until the ranking looks right — the sweep is a diagnostic, not a menu;
a fixed seed buys reproducibility, not correctness.
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Summary

Outline

e Summary
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Summary

The session in one slide

@ Notation is instructions: Y add, [] multiply, arg min “the value that minimises”, /(-) a 0/1 switch, |S]| a
count. Read formulas aloud.

@ Logs turn products into sums, ratios into differences and skew into symmetry; e converts a logged
coefficient back into a multiplicative effect.

@ 0Odds = p/(1 — p); logit = log odds, on (—oco, c0); o brings it back to (0,1). Logistic regression is a linear
model on the logit scale.

@ Likelihood is the probability of the observed data as a function of the parameter; maximise its log. Under
normal errors this is least squares; under Bernoulli it gives k/n and, with predictors, logistic regression.

@ Counting explains Chapter 6: 2° subsets is hopeless, p?/2 is not.

@ Python: a function, a loop, a seed, and fit/predict on a split — that is every lab.
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Summary

Key formulas at a glance

Notation

n

n n . 1 A
;a;, Eai, arg min f(0), ;Zl(y,-;éy,.).

i=1

Logs, odds and the logistic function
_p(x)

log(ab) = loga+log b, log(a*) = kloga, log———/— 1—p(x) = fBo + B1x = odds ratio = €”*.
p odds . p 1
odds T P= 11 odds’ ogit(p) = log T o(z) =

Likelihood and counting
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Vocabulary check

Summary

Term

One-line meaning

Summation / product notation

Indicator function
arg min / arg max
Natural logarithm
Odds

Odds ratio

Logit

Logistic / sigmoid
Likelihood
Log-likelihood
Maximum likelihood
Cross-entropy
Binomial coefficient
Data leakage

Seed

compact instructions to add or multiply

a 0/1 switch that turns counting into arithmetic

the input that minimises / maximises, not the value

the inverse of €*; np.log

p/(1 — p): how much more likely than not

ratio of two odds — what a logistic coefficient exponentiates to
log-odds; the scale on which classification is linear

o(z) = 1/(1 4 e~ %); maps any number into (0,1)

probability of the observed data, as a function of the parameter
its log: sums instead of products, no underflow

the parameter that makes the observed data most probable

—/{ for a classifier; the loss of module A9

(z): the number of subsets of size k

letting test information reach the training pipeline

fixes the random draw so results are reproducible
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Summary

Where each topic reappears in the course

Topic from this session

Comes back in

S T, argmin, 1(¢)

Sets and |S]|

Logs and exponentials
Odds, logits, the sigmoid
Likelihood and log-likelihood
Maximum likelihood

2P and counting

Loops, functions, argmin
Seeds and splits

fit / predict

Leakage

every chapter; RSS and error rates from Ch. 2
Ch. 8 (tree regions), Ch. 12 clusters (Advanced)
Ch. 3 (logged responses), Ch. 4, module A9

Ch. 4 (logistic regression), module A9 (activations)
Ch. 4 (fitting), Ch. 6 (AIC, BIC)

Ch. 4, Ch. 6, module A9 (cross-entropy)

Ch. 6 (subset selection)

every lab; tuning loops in Ch. 5-8

Ch. 2 onwards; formalised in Ch. 5

every model in the course

Ch. 5 (the rule), Ch. 6 (scaling inside CV)
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Summary

Common pitfalls to leave behind

@ Confuse min with argmin, or a value with an index.

@ Read 4*P as a power — superscripts are often labels.
© Write >°;a? = (3, a;)%. It is false, and it is the reason squared errors work.
@ Report an odds ratio as if it were a ratio of probabilities.

© Say “the likelihood that the parameter is 0.3". Likelihood is about the data, given the
parameter.

O Take logs of a variable containing zeros without saying what you did.
@ Score a model on the data it was fitted to.

O Forget the seed — or change it until the answer looks better.
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Summary
Self-check questions

© Read 137 I(y; # $;) aloud, in words. (pp. 9 and 10)

@ What is the difference between ming f and arg ming f? (p. 10)

© Simplify log(a®b) — 2loga. (p. 16)

Q A logistic coefficient is —0.7. What happens to the odds? (p. 25)

@ Convert log-odds +1.6 into a probability. (p. 23)

@ Why is a log-likelihood a sum when a likelihood is a product? (p. 30)

@ Under what assumption is least squares equivalent to maximum likelihood? (appendix,
p. 56)

@ How many models does best-subset selection fit with p = 207 (appendix, p. 63)
© What does np.argmin return — and what does it not return? (p. 10)
@ Name two things that must never be fitted on the test set. (p. 40)
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Summary

Five things to remember

o
2]

o

A formula is a recipe. Read it aloud as an instruction and it stops being intimidating.

Logs convert. Products to sums, ratios to differences, growth to straight lines,
coefficients to percentages.

Classification lives on the logit scale, because probabilities do not have room to be
linear.

Maximum likelihood is one principle behind least squares, logistic regression, AIC/BIC
and cross-entropy.

Fit on training data, score on test data, seed everything. Every lab, every chapter,
no exceptions.
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Summary

What's next

Lecture 1 — Chapter 1: Introduction and the start of Chapter 2: Statistical Learning.
e Y = f(X) + e: what statistical learning is trying to do.
@ Prediction versus inference; supervised versus unsupervised.

@ The course data sets and the notation that goes with them.

Companion notebook: chapter_00b_lab.ipynb

The notebook (next to this deck) runs everything here, live: §1 Reading mathematical notation; §2 Logs and
exponentials; §3 Probability, odds and the logit; §4 Likelihood and maximum likelihood; §5 Counting: why
best-subset selection dies; §6 The Python patterns every lab uses — plus worked solutions to the [Python]
exercises.
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Appendix: optional and advanced material

Appendix — what is in here, and why

Nothing in the appendix is needed to follow the chapter: each slide is a formal derivation, a longer
worked exercise, or a side topic. Read it when you want the full story, or when a later chapter sends you
back here.

Contents of the appendix

@ The three scales, drawn — probability, odds and log-odds side by side; the conversion table in
the main deck carries the same content numerically.

@ Least squares as maximum likelihood — the derivation that connects Chapter 3 to Chapter 4,
plus Extended Exercise Ob.1 (deriving an estimator from scratch). The two methods are usable
without it.

@ Counting and computational cost — how the 2P models of Chapter 6 explode, and why “just
try everything” fails (with Exercise 0b.5). Chapter 6 re-states the conclusion where it is needed.

54 /67



Appendix: optional and advanced material

The three scales, drawn

odds: 0 to o, logit: —w to o, the inverse: the logistic
asymmetric around p= 0.5 symmetric around 0 (sigmoid) curve
10 7 : 7.5 1 : !
1.0 1
5.0 A
_ = 0.8
o =]
@ 251 >
. S £ 0.6
= 0 0.0 g
a -]
35 3 S 041
o o —2.51 s
o o
- 0.2 1
—5.0 1
0Ll : : . ] — -154 . ; . ; . 001 — . : : :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 =50 =25 0.0 25 5.0
probability p probability p logit z

Left to right: probabilities become odds (0 to c0), odds become log-odds (—oo to o), and the logistic function
o(z) = 1/(1+ e~%) carries them back. Because o can never leave (0,1), any number a linear model produces
becomes a legal probability. Read the picture right to left and you have the standing warning about odds: they
are not probabilities, and converting a full set back gives numbers that sum to more than one.
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Appendix: optional and advanced material

Least squares is maximum likelihood in disguise

With normal errors, maximising the likelihood IS minimising squared error

maximised at X = 49.92 minimised in exactly the same place

|
i
-315 1000

—40.0

g

-425
-45.0

log-likelihood #(s)
3
8

-475

residual sum of squares

-50.0

s
8
3

-525 |

42 44 46 48 50 52 54 56 58 42 44 46 48 50 52 54 56 58
candidate mean p candidate mean p
- — 2 . . .
With normal errors P(y; | p) = - 1277 exp(—(y’z(";) ) and the log strips the exponential down to its exponent:

log P(yi | 1) = 7% + const, so

2

1 .
Up) = ~ 592 Z(y,- —u)® +const = arg m:xx((u) = argmin Z(y,- —p)°.

One principle under two names

Maximising the likelihood is minimising squared error whenever the errors are normal — and with p;j =
Bo + B1x; the same algebra makes Chapter 3's least squares maximum likelihood too. Chapter 4 keeps the
principle and drops the normal assumption.
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Appendix: optional and advanced material

Extended Exercise Ob.1 — Deriving an estimator [Math|

Extended exercise (=15 min) — try it before the solution

In a sample of n customers, k default. Model each customer as an independent Bernoulli trial with unknown
default probability .

© Write the likelihood L(7) as a product, then simplify it to a single expression in 7, k and n.
@ Take logs to get £(m).

© Differentiate ¢ with respect to 7, set the derivative to zero, and solve. What is Aiype?

@ Evaluate it for the Default data: n = 10000 with 333 defaults.

@ Explain why maximising ¢ gives the same answer as maximising L, and why we bother with the log at
all.

@ Chapter 4 replaces the single ™ by 7(x;) = o(Bo + B1x;). Write the resulting log-likelihood, and say
why it can no longer be solved by hand.
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Appendix: optional and advanced material

Solution — Extended Exercise 0b.1 (1/5)

(1) The likelihood. Each defaulting customer contributes = and each non-defaulting one
1 — m; independence lets us multiply:

L(7T)=H7ry"(1—7r)1_y" = 7K1 — 7))k k:Zy;.
i=1 i

The exponent trick is worth noticing: 7 (1 — m)! =% equals ™ when y; = 1 and 1 — 7 when
yi=0.
(2) The log-likelihood.

U(m) = klogm + (n— k)log(1 — ).

The product has become a sum — the only reason this is doable by hand.
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Appendix: optional and advanced material

Solution — Extended Exercise 0b.1 (2/5)

(3) Maximise.
dt. k n—k

k
— = =0 = k(l—-m)=(n—Kkmr = 7 = —.
dm @w 1-—m ( )= ) MEE =
The sample proportion — exactly what anyone would have guessed. That is the point:
maximum likelihood derives the obvious estimator, and keeps working when the answer is no
longer obvious.
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Appendix: optional and advanced material

Solution — Extended Exercise 0b.1 (3/5)

(4) The numbers. # = 333/10000 = 0.0333, the 3.3% default rate quoted in Chapter 4.

(5) Why the log is safe — and necessary. log is strictly increasing, so it preserves the location of the maximum: if
L(a) > L(b) then £(a) > ¢(b). We use it because it converts the product into a sum (so the derivative is a sum of
simple terms) and because the product itself underflows to zero on a computer for even moderate n.
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Appendix: optional and advanced material

Solution — Extended Exercise 0b.1 (4/5)

(6) The regression version. With m; = (5o + S1xi),

n

U(Bo, B1) = Z[Yi log mj + (1 — y;) log(1 — 77/')]-

i=1

Read it against part (2): the same Bernoulli log-likelihood, except each customer now
has their own ;, tied to x; through the sigmoid. Each y; = 1 contributes logm;, each
y; = 0 contributes log(1 — ;) — the sum rewards coefficients that assign high probability
to what actually happened, case by case. This is exactly what Chapter 4's statsmodels
call maximises.
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Appendix: optional and advanced material

Solution — Extended Exercise 0b.1 (5/5)

Setting the derivatives to zero now gives equations in which 8 appears inside o, so they
cannot be rearranged into a closed form as the normal equations were. Software maximises
£ numerically — by walking uphill, exactly the gradient method of Part (a). Note also that
—{ is the “binary cross-entropy” loss of module A9 (deep learning): the same quantity under
a different name.

Common mistake

Treating # = k/n as exact. With k = 0 the MLE announces “defaults are impossible” — an estimate inherits
the sample’s noise and needs a standard error, not blind faith.
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Appendix: optional and advanced material

How many models are there?

! Z ,
Kl = k(k —1)---1, (Z):k!(pp_k)!, Z(Z):z.

k=0

(‘k’) counts the subsets of size k; summing over all k counts every subset — each variable is either in or out,
hence 2°.

With p = 4 predictors there are (g) = 6 two-variable models and 2* = 16 models in total (including the
empty one). With p = 10: 1024. With p = 40: over 10™2.

Where you meet this

Chapter 6 asks which subset of predictors to keep. The count above is why “try them all” stops being
possible around p = 30, and why stepwise selection and regularisation exist at all.

L
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Appendix: optional and advanced material

The cost of “just try everything”

" Best-subset selection is impossible; stepwise is merely expensive
10*% 7

— 2P subsets p=40:1099 511 627 776 models

1012 .
= = = p?/2 models (stepwise)
10 10 4

108 1

p=20:1048 576 models

models to fit (log scale)

p=10: 1024 models
10° T T T T T T T T T
0 5 10 15 20 25 30 35 40

number of predictors p

Forward stepwise selection fits about p?/2 models instead of 2°: for p = 40, roughly 800 instead of 10, At
0.01 s per fit that is eight seconds against about 350 years — with no guarantee of finding the same answer,
which is the trade-off Chapter 6 discusses.
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Appendix: optional and advanced material

Exercise 0b.5 — Counting [Math]

Exercise (=5 min) — try it before the solution

A data set has p = 6 candidate predictors.

© How many models contain exactly two predictors?
@ How many models are there in total?

© Best-subset selection fits all of them; forward stepwise fits 1 + p(p + 1)/2. Compute both counts.
@ Each fit takes 0.01 seconds. How long does each strategy take for p = 6, and for p = 307

@ Testing every model against the data and keeping the best R? has a statistical cost as well as a
computational one. What is it? (One sentence; module A7 gives it a name.)

Live demo — §5 of the notebook

Run chapter_00b_lab.ipynb §5 alongside: the counting cells print (3) = 15, 2° = 64 and 22 stepwise fits
— parts (1)—(3) — plus the table behind part (4)'s 124 days at p = 30.

L
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Appendix: optional and advanced material

Solution — Exercise 0b.5 (1/2)

(1) (5 -% 15

(2) 2° = 64 (the empty model included).

(3) Best subset: 64 fits. Forward stepwise: 1+ 6(7)/2 = 22 fits. For p = 30 the same
formulas give 230 ~ 1.07 x 10° against 466.

(4) At 0.01 s per fit and p = 6: 0.64 s versus 0.22 s — no practical difference. At p = 30:
1.07 x 107 seconds ~ 124 days versus 4.7 seconds. This is why Chapter 6 does not simply
recommend best-subset selection.
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Appendix: optional and advanced material

Solution — Exercise 0b.5 (2/2)

(5) Picking the winner from a huge number of models is selection on noise: with enough
candidates, some model fits the sample well by luck, so its R? is optimistic and it may not
generalise. That is multiple testing (module A7, ISLP Ch. 13), and it is also why model
choice must be judged on held-out data (Chapter 5).

Common mistake

Assuming the 22 stepwise fits search the same space as the 64. Stepwise follows one path through the
subsets, so it can miss the best model — the speed is bought with a restricted search.
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